A theoretical model for the laser-induced thermal lens effect in weakly absorbing media is derived. The model predicts the intensity variation in the far field of the laser beam in the presence of the lensing medium and takes into account the aberrant nature of the thermal lens. Some experimental results which support the validity of this approach are presented.
Introduction
Thermal lensing or thermal blooming occurs as energy absorbed from a Gaussian beam produces local heating of an absorbing medium about the beam axis. A radially dependent temperature distribution is created which in turn produces a refractive-index change by the factor dn/dT, the change of refractive index with temperature. This turns the medium into a lens for the beam. The development of this thermal lens occurs over the brief time it takes the beam to reach thermal equilibrium with the medium. In most liquid media the refractive-index changes because of a decrease in density with increasing temperature. In such cases dn/dT is negative, and the thermal lens is a negative or diverging lens. As the lens develops there is a spreading of the beam and a drop in its intensity. By measuring the magnitude and time dependence of the intensity change with a small aperture photodetector placed at the beam center beyond a cell containing the sample medium, the thermooptic properties of the sample can be studied.
The thermal lens effect was first reported by Gordon et al. in 1964,1 and an expression for the focal length of the lensing medium was derived. Later, Hu and Whinnery 2 3 derived an expression for the intensity variation in the far field of a Gaussian beam which passes through a thermal lensing medium. These models are based on an approximation in which the lens has a parabolic refractive-index distribution so that it can be treated as a perfect thin lens-one having no aberrations. The parabolic model describes the general behavior of the thermal lens quite well but is not quantitatively accurate. A more accurate model can be derived by taking into account the true aberrant nature of the thermal lens.
II. Theory
The components of the thermal lensing experiment are arranged as shown in Fig. 1 . The laser will operate in the TEMoo mode giving a Gaussian intensity distribution. The beam passes through a converging lens so that it is focused down to a waist. The location of the waist is taken as the origin along the z axis. A sample cell of length I is located at z 1 , and a photodetector is centered in the beam at the position z 1 + z 2 . Its aperture is made small compared with the beam diameter at this location. The lensing effect in the cell causes a slight intensity drop in the beam which is sensed by the detector.
The absorbance b and the beam divergence angle are small allowing the beam power P and the beam radius X to be taken as constants within the cell. The length and transverse dimensions of the cell are large compared with the diameter of the beam so that the medium can be considered as infinite in the radial coordinate, heat conduction through the ends can be neglected, and thus the temperature variation can be taken as purely radial.
In the derivations the following symbols will be used: where Io(r) is the beam intensity entering the sample at r, I(r) is the exiting beam intensity, and b is small. Therefore, 
This integral, the exponential integral, can be written in its series form as 6
Equations (6) and (8) are the desired expressions for the temperature change in the sample. The quantity tc defined by Eq. They show the predicted time evolution of the temperature distribution. They are considerably different from those arising from the parabolic approximation in which only the first term in the series of Eq. (8) is used.
The refractive index as a function of radius and time can be obtained by substituting Eq. (6) or (8) for AT(r,t) into the expression An expression for the temperature change in the sample as a function of radius and time AT(r,t) can be obtained by solving the nonsteady state heat equation 4 appropriate for the problem:
r < a;
AT(r,0) = 0.
The quantity (r), the source term, is the energy flow into a unit volume per unit time at a distance r from the axis. The intensity change in the laser light as it passes through the absorbing medium can be written as
o(r)bl, (2) n(r,t) = no -d-AT(r,t), dT (9) where no is the refractive index at the initial temperature. Equation (9) assumes a decrease in refractive index with increased temperature, and dn/dT is an absolute value. The next step is to determine what effect this refractive-index distribution has on the beam intensity for points on the axis beyond the cell. The approach is based on the diffraction theory of aberrations and begins with a statement of the Huygens principle: The complex phase amplitude of a wave at a point on an output plane is the result of a superposition of the Huygens wavelets emanating from all points on an input plane. This is written as 5
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1Z2-rl (10) the diffraction integral. Figure 3 indicates the meanings of the symbols. U (r,t) is the complex phase and amplitude of the waves at the input plane or where they exit the sample cell. The second quantity in the integrand is the inclination factor, and the third quantity is the phase and attenuation of the wave after traversing a distance I2-ri. Ubc(t) is the complex phase and With these the integral becomes
The optical path length variation about the axis is written as (14) where all constants are represented by A.
An expression for U (r,t) is found by first ignoring the effects of the lensing medium and assuming the beam to be composed of spherical waves with radius of curvature R and a Gaussian amplitude distribution. The amplitude factor is
where B is a constant and w is the beam radius. The phase at points on the input plane is
as can be seen by studying Fig. 4(a) . The approximation is valid in this case since the beam is confined to a narrow region about the axis so that R >> r. The relaSubstituting Eq. (9) 
4'(r,t) = [n(r,t) -n(O,t)].
(20)
The following substitutions can be made for R and w in the phase factor 8 Fig. 5 . Thermal lens position data and best fit curve. (27) If the detector is placed in the far field so that Z 2 >> Z all terms in (27) involving Z 2 can be dropped. z 1 and Zc are generally of the same order.
Another approximation will be made at this point. It
A where it is assumed that (2-7r/X) <<1. This condition is easily met in thermal lensing experiments. With these modifications the diffraction integral becomes
where z = Z1/Zc.
Substituting Eq. (6) into Eq. (21) gives
A t, fo for the additional phase lag, where
As suggested by Eq. (30), approximation (28) is good when 6 is sufficiently small. In most thermal lensing experiments the parameters involved in expression (31) are so that is of the order of 0.1 or less.
With the substitution of Eq. (30) the diffraction integral becomes finally
The integration over u is carried out first followed by ti.
In finding the intensity variation Ibc(t) = I Uc (t) 12 all terms of order 02 are neglected, and a convenient form for the equations is the fractional intensity change,
[I(t) -I(c)]II(co)
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The total fractional intensity change found by setting t = 0 is
Through the dependence of t on w(z 1 ) [see Eq. Note that when the cell is at the waist no lens effect is predicted. When it is behind the waist at negative values of z the effect is inverted.
If the cell is located at z = 3Z 0 , expression (34), the expression for the fractional intensity change at the beam center in the far field becomes
I(t) -I() I(O)
1-0 tan-1 0.577
Experiment
The experiment was designed to test Eqs. The signal produced by the analog divider is used only for rough monitoring on the oscilloscope. The signal from the summing amplifier is also sent to an analogto-digital converter (ADC) programmed to sample at set time intervals. These data in the form At) - Four test samples were chosen which had known thermooptic constants. They were chosen to have a wide range of evenly spaced thermal diffusivities, the choices being limited by the availability of literature data. They were carbon tetrachloride, methanol, ethanol, and water. The constants are listed in Table I . By adding blue dyes the absorbances were adjusted to any desired value.
Before any data could be taken it was necessary to locate the beam waist and measure the beam radius wo at the waist. 
A starting solution was prepared which had a bd of -0.5 cm-1 as measured in a Beckman DU spectrophotometer using the H 2 0-K 2 HPO 4 solvent as a reference. Dilutions were made with this starting solution to give various values of bd. Each sample was placed in the thermal lensing apparatus and given about five runs of thirty experiments each. For each experiment the ADC was programmed to sample at a rate of about fifty samples per ten time constants. Several times during a run the lateral position of the cell was shifted slightly to average out the effects of surface irregularities on the cell faces, and the beam was recentered on the photodetector in case it had drifted. This seemed to be critical in obtaining reproducible values for tc. A least squares fit of Eq. (36) was made to the first fifty data values or out to about ten time constants which yielded optimized values of and tc. Figure 7 shows the data and best fit curve for one of these samples.
There exists a linear relationship between and bd which, using Eqs. (31) and (37), can be expressed as
XJ k dT kX (38) where is the dependent variable and bd/k (dn/dT) is the independent variable. The quantity in parentheses is the slope and the desired system constant. The second term is the intercept and is related to the absorbance of the pure solvent b. A least squares fit of Eq. (38) to the 0 vs bd/k -(dn/dT) data gave 0.24Pl/X = (33.4 0.4) cal sec-1 . This was in good agreement with the expected value of 31.7 obtained by measuring P with the 4018 power meter allowing for the reflection loss at the front surface of the cell. The data are plotted with the best fit straight line in Fig. 8 which showed a clearly linear behavior. The line was extrapolated up through the remainder of the points to show that a deviation from linearity occurs when, presumably, was too large or when approximation (28) is not good. A weighted average of the t values obtained from the first six samples was taken and used in the next part of the experiment. Measurements were next taken with the thermal lensing apparatus to obtain values of t for carbon tetrachloride with Sudan black dye and for methanol and ethanol both with methylene blue dye. The thermal lensing time dependence of a sample is related only to its thermal diffusivity K = kcp; therefore it was not necessary to know absorbances here as it was with the water samples. The dyes were added only to make the absorbances large enough to produce easily measurable signals.
There exists a linear relationship between t and 1/K which can be expressed as tc= l-)-
Here t and 1/K are the dependent and independent variables, and 2 /4 is the slope and another one of the system constants. Recall that w is the beam radius at Reproducibility in 0 was excellent, but in t it was often rather poor. As mentioned, factors involved in this seemed to have been lateral cell positioning, beam centering, and spatial noise on the beam. The spatial noise appears to have been the major source of error. Nevertheless, when fits of Eq. (36) to data were very good, both 0 and t were quite reproducible and very close to their expected values.
Since the equations are based on the aberrant nature of the thermal lens, they are able to make quantitative predictions that are more accurate than predictions made by the equations based on the parabolic or thin lens approximation. Thus the thermal lens technique is an accurate as well as a simple means of measuring the thermooptic properties of weakly absorbing materials.
